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Presentation Overview

@ Introduction: overview of Topological Data Analysis (TDA)

@ Harmonic cycles and shape detection

@ Effective conductance and network centrality

@ Applications: mathematical summary of data



Topological Data Analysis (TDA): Main idea

Topology: Mathematics of Shape Recognition

Topological Data Analysis:

Shape of Data

Point Cloud =- Topological Network = Hidden Intelligence



Simplicial Modeling




Euler characteristic x(X)

x(X) =1 — |vertices| + |edges|

x(R)=1-1=0 x(D)=1-4+4=1 x(P)=1-4+6=3

x(X) = # independent cycles (“holes” or “loops”)



Euler characteristic x(X) for simplicial complexes

x(X) =1 — |vertices| + |edges| — |triangles]|

X(P1)=1-4+6-1=2  y(P)=1-446-2=1  (P3)=1-446-3=0

x(X) = # independent cycles (“holes” or “loops”)



Persistent Homology

Vietoris-Rips Complex VR(c)
Bo= # clusters
B1= # cycles



A point cloud with two “loops”
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Question: How are the two loops recognized?
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Barcode (Ghrist 2007)
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Persistence Diagram (Hiraoka et al. 2016)
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Brain network analysis

based on persistent homology
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Multimodal brain network analysis based on

multidimensional persistence
(Hyekyoung Lee, Hyejin Kang, Moo K. Chung, Seonhee Lim, Bung-Nyun Kim, Dong Soo Lee)
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Mapper (Ayasdi 2015)
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Mapper (Ayasdi 2015)
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Mapper (Ayasdi 2015)
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Dividing data points into overlapping level sets




Mapper (Ayasdi 2015)
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Mapper (Ayasdi 2015)
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Examples of metrics and lenses (filter functions)

@ Metric

Cosine

Correlation.

Variance (or IQR) Normalized Euclidean
Hamming

@ Lense (filter function)

L1, L-infinity centrality

Gaussian density

k-nearest neighborhood (distance matrix via Dijkstra’s algorithm)
MDS coordinate (uses distance matrix)



Identification of type 2 diabetes subgroups through topological
analysis of patient similarity (2015)
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Nicolau, Levine, and Carlsson (2011)
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Personal Account Data
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Standardization Average
Total Total
G_HE_LR G_LELR | GHEHR . G_LEHR | AbsMAX G_HE_LR G_LE_LR G_HE_HR G_LE_HR

- - - - - - o - - - - Mean [« STDEV [~
52 RVSP -1166 -1.208 1786 1433 1.786 26.36 25,73 70.69 65.40 43.87 15.02
156 LWVEF_HF Type 1.582 -0.756 1.582 -0.756 1.582 3.00 1.00 3.00 100 165 0.86
50 LVEF_combine_copy 1480 -1.220 1537 -1.221 1537 60.85 18.61 61.73 18.60 37.69 15.64
49 EDD-ESD 1147 -0.894 1253 -0.955 1.253 17.86 7.83 18.37 7.53 12.22 491
48 LVESD -1.188 0.832 -1132 1178 1188 30.55 55.33 31.24 59.58 4513 12.27
47 LVEDD -0.896 0.577 -0.770 0.952 0.952 48.34 63.16 49,61 67.23 57.35 10.05
4 LV _dysf 0.979 -0.280 0.594 -0.309 0.979 141 102 1.29 101 111 031
54 Etiol_HF_valOl 0.209 -0.238 0.797 -0.268 0.797 0.22 0.06 0.42 0.05 0.14 0.35
16 prevValveDis -0.171 0.221 -0.727 0.129 0.727 180 193 160 190 186 0.35
64 Etiol_HF _others01 0439 -0.193 0.679 -0.134 0.679 012 0.00 0.16 001 0.04 019
46 MNP_decile -0.675 0.029 -0.198 0.490 0.675 3.57 5.59 4.94 6.91 5.51 2.87
53 Etiol_HF_IHDO01 -0.228 -0.024 -0.633 0.082 0.633 0.27 0.36 0.07 042 0.38 048
51 LA dia -0.226 -0.289 0.626 0.338 0.626 45.96 45.33 54.31 5148 43817 8.80
70 HF_Agg_PulmEmboli 0.074 -0.105 0621 -0.052 0.621 0.02 0.00 0.0 001 001 0.10
82 Med_ACEL durAdm 0.243 -0.559 0.397 -0.245 0.559 173 134 181 150 162 049
114 Med_IV_dobuta -0.351 0.200 -0.102 0.526 0.526 0.08 031 0.18 045 0.23 042
15 DCMP 0.259 -0.269 0.220 -0.524 0.524 1.99 1.84 198 177 192 0.28
36 EKG_HR -0.435 0.351 -0.504 0.029 0.504 83.82 105.61 8191 96.66 95.87 27.72
1 SEX -0.163 0.274 -0.498 0.358 0,493 045 0.67 0.28 071 0.53 0.50
83 Med_ACELdis 0.287 -0.487 0321 -0.244 0,487 185 150 186 161 172 0.45
89 Med_BB_dis 0.035 -0.234 0477 0.156 0477 152 138 174 158 150 0.50
35 EKG_QTc -0.458 0.208 -0.291 0.321 0.458 453.71 434,50 461.45 439,68 474.88 4619
141 discharge_Hb_max -0.073 0.457 -0.250 0.183 0.457 12.98 14.08 12,61 1351 1313 208
88 Med_BB_durAdm 0.057 -0.198 0436 0.174 0456 145 132 165 151 142 0.49
122 IWmed_inotropics -0.259 0.086 -0.123 0.449 0.449 0.19 0.35 0.25 0.52 031 046
55 Etiol_HF_cong01 -0.047 -0.106 0.448 -0.053 0.445 0.01 0.00 0.06 001 001 0.10
65 HF_Agg_ACS -0.008 0.005 -0.439 -0.162 0.439 0.26 0.26 0.07 019 0.26 0.44
56 Etiol HF_ CMPO1 -0.326 0.425 -0.409 0.396 0.425 0.07 0.38 0.04 0.37 021 0.40
100 Med_Warfarin 0.095 -0.021 -0.422 0.143 0422 248 2.38 2.02 2.52 240 0.90
163 0.327 0.061 -0.144 -0.297 0.327 879.63 764,71 676.07 610.07 738.38 431.85
103 Med_Ivabradine 0.027 0.027 0.027 0.027 0.027 3.00 3.00 3.00 3.00 3.00 0.05

HE : EF > 52

HR : RVSP > 56

LE
LR :

EF < 25
RVSP < 32




Figure 1A
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Figure 1B
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Figure 3

(A) (B)
Cumulative mortality according to risk 3-year mortality in 5 risk groups
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Figure 4

= Qur prediction model
== MAGGIC-HF score
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ICIAM 2019 & King of Spain




Applications of TDA (Gravitational Waves)

GW generated by binary neutron stars
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GW detection when black holes collide

Time series images of GW



Applications of TDA (ECG Data)

FufiTsu

presenting time serles

ik serics dats tract features (@

|l rrm _Soirles-Datasel:

TDAfor T

A (To loglcal Data Analysis) can ex

* vatlation rules fof complex

Feature entiathon
i of A it e A

Time serles data has

O soime nolie

Persenalndlvidual diffarences

far ECG

Architecture
eataind racy (SEER

Qur L
HIGHEST accd

10A DL could a hleve

Misclassification
was reduced by 70%

|
-

[v-ﬂm O Suru
tion of diseases
v New petwork stiuctune G deted

ton method|
o DTM-Altiation (new feahae genesat I} il g

Tralning CNNs by combining features
i = ol 1DA and Previous woiks.
deadlr diseases. pans e

A
|

1
Y

.llr (R

~

/'//\\ J \ S

¥ e=j

(6410.) (128.6.) (128.6) (128.4.)

Ermmy R

(64.32,) (128.6,) (128.6) (128.4.)

[ — = i,

!v (66.32) (126.6.) (128.6) (128.4.)

Auta-Encoder

'+’ .4.4- _'E§

O
|

' oF 4
{ A SeT

0 €
yh

Source: TDA for Arrhythmia Detection through Modular Neural Networks, M. Dindin et al (2019)

Convolution Layer
Max Paoling | PReLU | DropOut

Dense Layer
BatchNorm | PReLU | DropOut

Global Average Pooling



N mapviews

(N=# nodes)
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Example: Boundary operators 9; : C;(X) — Cij_1(X)

80:(1 1 1 1) ZCo(X)—>C_1(X):Z

-1 -1 -1 0 0 O
1 o 0 -1 -1 O
=19 1 o0 1 o _1|:GX)=C(X)
0O 0 1 0o 1 1
0 O
1 0
-1 0
62 = 0 1 . CQ(X) — C1(X)
0 -1
1 1



Example: Combinatorial Laplacians of a 2-dim simplicial complex

A_1:4/1 A0:4/4
2 1 1 -1 -1 0
1 3 0 1 0 0
1 0 3 0 1 0 3 1
M=l 4 1 0 3 0 o0 A2_<1 3)
-1 0 1 0 3 0
O 0 0 0 0 4



Combinatorial Laplace Operator

Chain Jd+1 04
complex S Cd+1 — Od — Cd—l —

A — 828(1 _|_ (9d+1(92+1

Ker A ==) Shape (TDA)
Det A =)  Connectivity

Inv A ==) Centrality

3) K.Woong, V. Reiner, and D. Stanton, Combinatorial Laplacians of matroid complexes, Journal of the American Mathematical Society (2000).



Harmonic space and combinatorial Hodge Theory

@ Harmonic space 7% C C;
G = ker A = ker 9; N ker 9,
@ Energy minimizing property: for h € ¢ and x = h+ 0j11y

(h,h) < (x,x)

Proof. (h,dj1y) = (0l,;h,y) =0 O



combinatorial Hodge Theory

@ Hodge decomposition (J. Friedman, 1996)
Ci=ker A; @imA; = @ imdjpq © im0}
@ Combinatorial Hodge Theory

;= H(C;R)

Proof: kerd; Limd! = kerdj=®imdi O

@ Application to TDA
B,‘ =dim fﬁ



Hole Detection via Harmonic Cycles
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4) A. Muhammad, and M. Egerstedt, Control using higher order Laplacians in network topologies,
In Proc. of 17th International Symposium on Mathematical Theory of Networks and Systems (2006).



Harmonic cycles as shape recognizer
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Both shapes have 3; = 1 but different harmonic cycles.



Change of hole structure

Alzheimer’s disease progression
>

Source: Abnormal Hole Detection in Brain Connectivity by Hodge Laplacian by H. Lee
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1
G G'Uw=xS!
ly=1+8w=0l¢+8w=(1,-1,8 -2 -5, 8)

I, € kero1 N ker&é =4 =R

where . harmonic space for G*Uw = S'.



Information Centrality

@ Combinatorial Green’s function A" = (g;) (K. 2011)

@ Information centrality /5, (Stevenson and Zelen 1989)

lab = (Gaa + Gob — 29ab) "' = Cap

@ Information centrality /, of node a

1
la=|V(G)|- ( > l) = harmonic mean of I

icV(G) lai



Fig. 2. Network of 40 homosexual men diagnosed with AIDS (from Figure 1 in Klovdah} 1985:
1204).
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Question: Which network is most decentralized?



Spanning trees and non-spanning trees

spanning trees
spanning tree = connected + acyclic

k(G) = # spanning trees in G



Matrix-Tree Theorem

G connected graph with n vertices

@ Matrix-Tree Theorem (Kirchhoff 1847)
Let L(G)o = 010! = L(G) - (row i and column /) .

det L(G)o = k(G)
Proof: By Cauchy-Binet theorem

det910) =) detdpdetdp= > (£1)*=k(G).
B B sp. tree

@ Every cofactor of L(G) = k(G).

@ Pseudo-determinant of L(G) = n- k(G)



k(G) = 125

k(G) = 80

k(G) = 64



(i)

(iii)

(iv)

V

JSTIs s

Information Flow (1) (i1) (i11) (iv) (V) (vi)
I 3.50 3.61 3.63 3.64 4.17 3.64

15 1.27 1.63 1.71 1.29 2.27 1.29

L4 1.11 1.51 1.23 1.67 1.12 2.11

I 1.75 2.02 2.07 2.11 1.79 2.50

I 2.00 2.53 2.64 2.00 2.78 2.00

b, 1.11 1.77 1.34 2.11 112 1.67

155 1.75 2.30 2.42 2.50 1.79 2.11

I3y 0.71 1.71 1.18 1.03 0.85 0.91

L5 0.93 1.68 1.93 1.11 1.19 1.03

I 3.00 3.48 3.00 3.64 3.00 3.64
Mean(I,-j) 1.71 2.22 2.11 2.11 2.01 2.09
(Std(I)) 0.91) (0.76) (0.81) (0.93) (1.05) (0.96)

Complexity c(N) 42 101 87 80 75 80
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Topological Data Analysis(TDA)

Simplicial Topological

Complex Invariant

Topological Combinatorics

Discrete . Simplicial Topological,
Objects Complex Combinatorial

Invariant




THANK YOU!



Spectral sparcification of simplicial complexes

Before

Keep n edges with the probability p, proportional to w(f)R(f,f) with the new
accumulated weight w(f)/nps where w(f) is a given weight and R = 9{(9,W,0})79,
is the effective resistance.

Source: Osting et al., 7Towards Spectral Sparsification of Simplicial Complexes Based on
Generalized Effective Resistance, arXiv:1708.08436 (2017).



Definition of current and Thompson’s Principle

For a current generator w € (%), let
X, =XUw and X*:=X"Uw~ 8

%(Xw) = f:l'd(Xw; R) =~ R with an7d+1 = BX*7d+1 .
Definition: A current in X, is an element [, € 74(X“) ~ R.

(TP) For a connected network (X, R), acycle y € Zy(X,,) is a
current induced by a flow through w if

y!Ry < Z'Rz

for any cycle z with the same w-component as /.

When R =id, I, isacurrentif (y,y) < (z,2),i.e., if y € 74(X¥).



Comparison of centrality measures and rankings *

Overall Information Betweenness Distance Degree

rank
1 16 (0.417) 16 17.7) 16 (0.351) 16 (0.205)
2 22 (0.392) 26 (14.0) 22 (0.345) 26 (0.128)
3 26 (0.388) 22 (13.5) 26 (0.322) 5(0.128)
4 20 (0.357) 11 (11.6) 11 (0.302) 22 (0.103)
5 11 (0.351) 31 (7.6) 20 (0.281) 8 (0.077)
6 28 (0.348) 5 (6.6) 14 (0.265) 11 (0.077)
7 19 (0.336) 8 (4.1) 19 (0.265) 20 (0.077)
8 31 (0.310) 32 4.0 31 (0.265) 28 (0.077)
9 14 (0.303) 28 (3.7) 12 (0.262) 31 (0.077)

10 15 (0.299) 20 (3.1 15 (0.262) 32 (0.077)



A)

Approx. 1
(e =0.7)

Cycle 1

Fig. 3: In A, we have a cycle and two paths. In B, we have cell complexes approximating
the given point cloud.

e=07 €e=10 =13

Cyclel 1 1 1
Path 1 0.2307 0.2300 0.2537
Path 2 0.2095 0.2222 0.2351

Table 1: The rational winding number of each case.
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Pancreatic Cancer Data Analysis




Example: A
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Example: A

4
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Example: 95,19}, vs Aq

G = Ks complete graph on 5 vertices

4 -1 -1 -1 —1

-1 4 -1 -1 -1
Hol=|-1 -1 4 -1 —1 A =

-1 -1 -1 4 -1

-1 -1 -1 -1 4

O OO o,
o OO 01 o
[eNeNé) Nole)
O 010 O O
01O O O O

always singular non-singular for connected G



Combinatorial Laplacian

C = {C;, 0;} afinite chain complex over Z with C_1 =7Z

(9,' : C,' — C,',1 8; : C,',1 — C,'

8,-+16}’+1 : C,' — C,' a,tai . Ci — Ci

Definition (Combinatorial Laplacian A; : C; — C))

A,’ = 8i+18;+1 + 8;8,




Combinatorial Laplacians and harmonic space

X = finite simplicial (cell) complex
C = {C;j, 0;} chain complex of X over R

@ Combinatorial Laplacian A; : C; — C; (Eckmann 1945)

Aj = 041081 + 010

@ Harmonic space 7
G = ker \;



Example: cycle and cocycle

1

cycle : Yes
cocycle : No

2

cycle : No
cocycle : Yes



Homology basis for torus

Source: Cover page of Topology for Computing by A. Zomorodian




Example: harmonic cycles of a torus




Example: harmonic cycles of a torus




Example: harmonic cycles of a torus




Winding number for paths (Kim and K. 2018)

=124 10+ 16 + 10 _1o_1.
IR



A)

Approx. 1
(e =0.7)

Cycle 1

Fig. 3: In A, we have a cycle and two paths. In B, we have cell complexes approximating
the given point cloud.

e=07 €e=10 =13

Cyclel 1 1 1
Path 1 0.2307 0.2300 0.2537
Path 2 0.2095 0.2222 0.2351

Table 1: The rational winding number of each case.



Laplacian for a Weighted Graph (Conductance Network)

4
Cu Css
G: 1 < Cos > 3
Cr Ca3

cj = Cji = conductance between node i and node j (i # j)

C12+C13+C14 —Ci2 —C3 —Ci4
[ — —Co21 C21+Co3+Co4 —C23 —C24
—C43 —C32 C31+C32+C34 —C34

—Cy1 —Cy2 —C43 C41+Ca2+C43



Discrete Laplace Equation Lo =«
(G, R) = connected resistor network
G = connected finite graph with 9y : C1(G) — Co(G)

R = resistance (positive diagonal matrix) : C{(G) — C1(G)
C = R~ = conductance (weights for edges)

Laplacian L = 9;C9} : Co(G) — Co(G)

Net current flow ¢ = (vv) € Co(G) satisfying > ¢, =0
(ta=a, p=—-a, ,=0forv#ab)

Potential ¢ = (¢v) € Co(G)

Kirchhoff’s Law: Lo =1



A solutionto Ly =

L = 0,Cd! discrete Laplacian of a connected (G, R)
J = 9}y all 1’s matrix

Ao = L+ J nonsingular by combinatorial Hodge theory
For v = (¢v) with >y, =0,

(L+J)p=1 = Lop=u1.

A solutonto Lo = v:
¢=(L+JI)"

G = (L + J)~" combinatorial Green’s function (K. 2011)



Effective resistance between two nodes a and b

(G, R) = connected finite resistor network

Let a current o flow into aand outof b (a,b € V(G)).
Compute the potentials ¢, and ¢,, : discrete Laplace equation
Effective resistance

Rab — ¢a - ¢b
(e
Effective conductance

Cab = Ra_b1



Information centrality /, of node a

la=1v(@)l-

@

@)
2
©
Degree Centrality d; | (I) | (II) | Information Centrality 7, | (I) D)
d; 4 | 4 I 1.96 | 2.24
d> 6 | 6 I 221 | 2.64
ds 2 | 27 I 133 | 1.93
dy 3 3 Iy 1.41 1.73
ds 5 | 57 Is 1.96 | 2.65




I,» as a rate of change of k(G) (Shin and K. 2014)

Oxk(@) is inversely proportional to /5

Hence, adding an edge ab where [, is smallest causes the
largest increase in k(G).



Decentralized network expansion algorithm (k(G) = 12)

4
1 1
G: 1< 2 >3
1 1
2

s = by =12/7 by =3

4 4
1 1 1 1 1 1
1\11 l/-3 J<l 2 2>~3 J<l 3 l>-3

k(GU13) = 24 k(GU23) =19 k(GU24) = 16




Unstable

High rate of change
for complexity

Stable

Low rate of change

for complexity




Emergence of Simplicial Networks

e
! St 3 A. M. Sudupe . |. Giardina
: - T | : P, Verrocchio %
et o v/, Ribosome | \
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Brain Protein-Protein Co-authorship
network® Interaction” Network”)

6) C. Giusti, R. Ghrist, D. S. Bassett, Two’ s company, three (or more) is a simplex, Journal of computational neuroscience (2016).
7) Palla, I. Derényi, I. Farkas. T. Vicsek, Uncovering the overlapping community structure of complex networks in nature and society, Nature (2015).
8) E. Estrada, G. J. Ross, Centralities in simplicial complexes. Applications to protein interaction networks, Journal of theoretical biology (2018).
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Although the authors are not aware of any attempts to use topological indices
defined on the edge Laplacian to measure other aspects of the graph (or the chemical
properties of the molecule), the measures above suggest an easy extension to global
edge—face (edge—cycle) relationships. Specifically, a higher-order Kirchhoff index
could be defined as

Higher-OrderKI1(S) =m tracc{L1

where m = |€] and L, is the edge Laplacian (see Chap. 2). If the graph cy
constitutes a basis (see Chap. 4), then the edge Laplacian matrix has full rank and
the pseudoinverse is replaced by the true inverse of the edge Laplacian matrix.

call from Chap. 4 that a set of |€| — |V| + 1 independent cycles will form a basis.
This measure of the higher-order Kirchhoff index does not retain its original inter-
pretation in terms of the effective resistance, since the effective resistance between
two edges does not have a conventional definition. Despite losing this interpreta-
tion, this measure on the edge Laplacian matrix provides a value that indicates the

of the edges via their incident nodes and cycles.
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Although the authors are not aware of any attempts to use topological indices
defined on the edge Laplacian to measure other aspects of the graph (or the chemical
properties of the molecule), the measures above sugg extension to global

edge—face (edge—cycle) relationships. Specifically, a higher-order Kirchhoff index

could be defined as
Higher-OrderKI1(S m trace{L, }, (8.9)

where m = |€] and L, is the edge Laplacian (see Chap. 2). If the graph cycle set
constitutes a basis (see Chap. 4), then the edge Laplacian matrix has full rank and
the pseudoinverse is replaced by the true inverse of the edge Laplacian matrix. Re-
call from Chap. 4 that a set of |€| — |V| + 1 independent ¢ s will form a basi

This measure of the higher: er Kirchhoff index does not retain its original inter-
pretation in terms of the effective resistance, since the effective resistance between
two edges s not have a conventional definition. Despite losing this interpreta-
tion, this measure on the edge Laplacian matrix pr a value that indicates the

relative “connectedness” of the edges via their in t nodes and cy




High-dimensional effective resistance

Choose a current I, = I + i, [w] with i, (# 0) fixed

Define a voltage V,, = V + v, [w] by
V=Rl and V, LI,

Then v, is given by
I'RI + v,i, =0

High-dimensional effective resistance for w € (1)

v,
R, =2

fuo

(If li,] = 1, then R, = I'RI )



A formula for R, (K. and Lee 2018)

(X9, R) with Hy_{(X;R) = 0. (Assume R= id.)
Ayt = Ox,d0% g+ 0% y_19xd-1 = L1+ Jo_1
0, = Ox,, d[w].

—1
R, =0}, Ay’ q 0.
Proof. Let i, = —1. Then R, = v,,.

Vi, € ker 8%, yiq = ker@t*,dJr1
= V,=0} sbforsomed e Cyi(X) = v,=09.

L, € keraxw,d and i, = —1 = 0,= 8X7dl = 8X7dV =Lyg_1®

Ly 1®9=0, = o=(Lg1+ Jd,1)‘10w U



High-dimensional information centrality

(X, R) simplicial network of dimension d (> 0)
Vertex set V with |V| = n, and Xg_1 = (¥).
Effective conductance C, = R, for o € (dL).

For nonempty AC V,let Xa={ce Xy | AC o}

Za = high-dimensional information centrality of A is the harmonic
mean of C, foro € X :

In= (d+n1_—1A> (Z 22;) '

o€Xy
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Modified Persistence Landscape

(0
fiap(@®) =t~ a

a+b

if t ¢ la,b]

a+b

if a< tfg'z;'

b —t if—<t <b

=

f[a,b] () =+

( 0 if t €la,b]
a+b a+b . a+b
— t—g=—= <t <=
— a— ifa<t< x

a+b a+b a+b

— f— < <
Lbb—a b—at' lf 2 st b

For a collection [a;, b;] of intervals in a barcode B, we get a sequence A, of functions, for k € N:

A (t) ==k — th largest {f[ai,bi](t)},
(A, (t) =0 if k > number of intervals)
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Various network centralities

€ Betweenness centrality (Importance as a bridge)
B(v) z # of shortest paths s — t passing v
v) =

# of shortest pathss -t
s,teV

S#Fv+t

@ Closeness centrality (How close the node is to others)

Clv) =

1
2 d(u, v)

€ Eigenvector centrality (Links to “important” nodes are “important)

x(v) = %Z x(t) — (Matrix form) Ax = Ax
v~t

€ PageRank (named after Larry Page in Google™)

B PR(u) \ _ B
PR(v) =k Z outdeg(®) (Matrix form) R = kMR

u-v




M. Alstyne and E. Brynjolfsson: Cyberbalkanization

Figure 1.A Figure 1.B

. ’ Figure 4.A Figure 4.B
IT can reconstitute geographic . . -
communities (locations in 1.A) Increasing channel capacity does not nec_es_sarlly increase
by research discipline (colorsin 1.B). the measure of integrated affiliations.

Sources

Widening Access and Narrowing Focus: Could the Internet
Balkanize Science?, Science (1996)

Global Village or Cyber Balkans? Modeling and Measuring the
Integration of Electronic Communities, Management Sci. (2005)



Combinatorics
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Nicolau, Levine, and Carlsson (2011)
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Identification of type 2 diabetes subgroups through topological
analysis of patient similarity (2015)

Subtype 1
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