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Presentation Overview

Introduction: overview of Topological Data Analysis (TDA)

Harmonic cycles and shape detection

Effective conductance and network centrality

Applications: mathematical summary of data



Topological Data Analysis (TDA): Main idea

Topology: Mathematics of Shape Recognition

Topological Data Analysis:

Shape of Data

Point Cloud⇒ Topological Network⇒ Hidden Intelligence



Simplicial Modeling

 

 



Euler characteristic χ(X )

χ(X ) = 1− |vertices|+ |edges| 

 

χ(R)=1-1= 0 χ(D)=1-4+4= 1 χ(P)=1-4+6= 3

χ(X ) = # independent cycles (“holes” or “loops”)



Euler characteristic χ(X ) for simplicial complexes

χ(X ) = 1− |vertices|+ |edges| − |triangles|

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

χ(P1)=1-4+6-1= 2 χ(P2)=1-4+6-2= 1 χ(P3)=1-4+6-3= 0

χ(X ) = # independent cycles (“holes” or “loops”)



Persistent Homology

Vietoris-Rips Complex 
= # clusters
= # cycles



A point cloud with two “loops”

60 components
0 loops

Question: How are the two loops recognized?



60 components
0 loops

ε = 0 β0 = 60 β1 = 0



44 components
0 loops

ε = 0.1 β0 = 44 β1 = 0



18 components
0 loops

ε = 0.2 β0 = 18 β1 = 0



4 components
0 loops

ε = 0.3 β0 = 4 β1 = 0



1 component
1 loop

ε = 0.4 β0 = 1 β1 = 1



1 component
1 loop

ε = 0.5 β0 = 1 β1 = 1



1 component
2 loops

ε = 0.6 β0 = 1 β1 = 2



1 component
2 loops

ε = 0.7 β0 = 1 β1 = 2



Barcode (Ghrist 2007)
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which come into existence at parameter ti and which persist for all future parame-
ter values. The torsional elements correspond to those homology generators which
appear at parameter rj and disappear at parameter rj + sj . At the chain level,
the Structure Theorem provides a birth-death pairing of generators of C (excepting
those that persist to infinity).

2.3. Barcodes. The parameter intervals arising from the basis for H∗(C; F ) in
Equation (2.3) inspire a visual snapshot of Hk(C; F ) in the form of a barcode. A
barcode is a graphical representation of Hk(C; F ) as a collection of horizontal line
segments in a plane whose horizontal axis corresponds to the parameter and whose
vertical axis represents an (arbitrary) ordering of homology generators. Figure 4
gives an example of barcode representations of the homology of the sampling of
points in an annulus from Figure 3 (illustrated in the case of a large number of
parameter values εi).

H0

H1

H2
ε

ε

ε
Figure 4. [bottom] An example of the barcodes for H∗(R) in the
example of Figure 3. [top] The rank of Hk(Rεi

) equals the number
of intervals in the barcode for Hk(R) intersecting the (dashed) line
ε = εi.

Theorem 2.3 yields the fundamental characterization of barcodes.

Theorem 2.4 ([22]). The rank of the persistent homology group Hi→j
k (C; F ) is

equal to the number of intervals in the barcode of Hk(C; F ) spanning the parameter
interval [i, j]. In particular, H∗(Ci

∗; F ) is equal to the number of intervals which
contain i.

A barcode is best thought of as the persistence analogue of a Betti number.
Recall that the kth Betti number of a complex, βk := rank(Hk), acts as a coarse
numerical measure of Hk. As with βk, the barcode for Hk does not give any in-
formation about the finer structure of the homology, but merely a continuously



Persistence Diagram (Hiraoka et al. 2016)

atoms was explicitly derived as a surface in a parameter space of
the triangles. Moreover, we verified that these curves are pre-
served under strain, indicating that the PD properly encodes the
material property of elastic response. Next, as examples of the
random packing structure, the Lennard-Jones (LJ) system and
Cu-Zr metallic glass were studied by the PDs, and we clarified
the following. (iv) These amorphous solids were also character-
ized well by the distributions of curves and islands in the PDs.
(v) In the LJ system, the global connectivity of dense packing
regions was revealed by dualizing octahedral arrangements. (vi) In
Cu-Zr alloys, we found that the pair-distribution function defined
by the octahedral region in the PD shows the split second peak.
Furthermore, a relationship between the hierarchical ring struc-
ture and high glass-forming ability was discovered in Cu-Zr alloys.

PDs of Atomic Configuration
The input to PDs is a pair A= ðQ,RÞ of an atomic configuration
Q= ðx1, . . . , xNÞ and a parameter set R= ðr1, . . . , rNÞ. Here, xi
and ri are the position in R3 and the input radius for the ith atom,
respectively. To characterize the multiscale properties in Q, we

introduce a parameter α, which controls resolution, and generate a
family of atomic balls BiðαÞ= fx∈R3

��kx− xik≤ riðαÞg having the
radius riðαÞ=

ffiffiffiffiffiffiffiffiffiffiffiffi
α+ r2i

q
. We vary the radii of the atomic balls by

α and detect rings and cavities at each α, where α≥ αmin :=
−minfr21, . . . , r2Ng.
Let ck be a ring or cavity constructed in the atomic ball model

BðαÞ=∪N
i=1BiðαÞ at a parameter α. To be more precise, a ring

[respectively (resp.) cavity] here means a generator of the ho-
mology H1ðBðαÞÞ [resp. H2ðBðαÞÞ] with a field coefficient (17).
Then, we observe that there is a value α= bk (resp. α= dk) at
which ck first appears (resp. disappears) in the atomic ball model.
The values bk and dk are called the birth and death scales of ck,
respectively. The collection of all of the ðbk, dkÞ∈R2 of rings
(resp. cavities) is the PD denoted by D1ðAÞ [resp. D2ðAÞ] for A
(Fig. 1). It follows from the structure theorem of persistent ho-
mology (11) that the PDs are uniquely defined from the input.
From this construction, ðbk, dkÞ encodes certain scales of each ck.
For example, in D1ðAÞ, bk indicates the maximum distance between
two adjacent atoms in the ring ck, whereas dk indicates the size of ck.
In this article, our basic strategy is that we transform a com-

plicated atomic configuration into PDs and try to identify mean-
ingful shape information from specific distributions such as curves
or islands in the PDs. Namely, we reconstruct characteristic atomic
subsets from each distribution. To this aim, we compute the op-
timal cycle for each point ðbk, dkÞ∈DℓðAÞ on the distribution.
Mathematically speaking, for a given homology generator ck of
ðbk, dkÞ, the optimal cycle is obtained by solving a minimizing
problem in the representatives of ck under ℓ1-norm (see refs. 18
and 19). Our method combining PDs with optimal cycles provides
a tool to study inverse problems of PDs and effectively works in the
geometric analysis of glass structures, as we will see shortly.
For a mathematically rigorous introduction of these concepts

see Supporting Information or refs. 10 and 11. In this article, the
PDs are computed by CGAL (20) and PHAT (21).

PDs for Continuous Random Network Structure
Fig. 2 shows the PDs D1ðAliqÞ, D1ðAamoÞ, and D1ðAcryÞ of a liquid
Aliq = ðQliq,RliqÞ, an amorphous Aamo = ðQamo,RamoÞ, and a crys-
talline Acry = ðQcry,RcryÞ state of silica, respectively. Here, the
horizontal and vertical axes are the birth and death scales, respec-
tively, and the multiplicity of the PDs is plotted on a logarithmic
scale. The configurations Qliq, Qamo, and Qcry are acquired by
molecular dynamics simulations using the Beest–Kramer–Santen
(BKS) model (22). The input radii R are set to be rO = 1.275 Å
and rSi = 0.375 Å for each type of the atom (O or Si), which were
determined from the first peak positions of the partial radial
distribution functions of the amorphous configuration Qamo. The

Fig. 1. Atomic balls (Top) and the PD D1ðAÞ (Bottom). New rings appear at
αi   ði= 2,3,4,5Þ, and the dashed rings express the disappearance. This is a
schematic illustration showing the rings on CP (red), CT (blue), CO (yellow),
and BO (green) in silica glass. The large and small balls correspond to oxygen
and silicon atoms, respectively.

Fig. 2. PDs of the liquid (Left), amorphous (Middle), and crystalline (Right) states with the multiplicity on the logarithmic scale. In the amorphous state, the
three characteristic curves and one band region are labeled CP,CT,CO, and BO, respectively. The insets in D1ðAamoÞ show rings in the hierarchical relationship,
where the red and blue spheres represent oxygen and silicon atoms, respectively.

7036 | www.pnas.org/cgi/doi/10.1073/pnas.1520877113 Hiraoka et al.



Brain network analysis  
based on persistent homology 
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Multimodal brain network analysis based on 
multidimensional persistence 

(Hyekyoung Lee, Hyejin Kang, Moo K. Chung, Seonhee Lim, Bung-Nyun Kim, Dong Soo Lee) 
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Mapper (Ayasdi 2015)
TDA AND MACHINE LEARNING: BETTER TOGETHER 8 

 

 

  

Figure 2: Using a Function to Map Data Points in the Shape of a Circle to their y-Coordinate Values  
 
Ayasdi Core subdivides the image of the function into overlapping sets of nearby values. In this example, the points 
are divided into four overlapping groups that have similar y-coordinate values (Figure 3). 

 
Figure 3: Dividing Data Points into Overlapping Sets with Similar y-Coordinate Values  

  

 

      

  
  
  

  
  
  
  

  
  
  
  

  

  

  
  

  
  
  
  
  
  
  
  
  

  
  
  
  
  

  
  
  
  
  
  
  
  

  
  
  
  
  
  

  

  
  
  
  
  
  
  
  

    

  

  
  
  
  
  
  
  

  
  
  
  

  

  

  
  

  
  
  
  
  
  
  
  
  

  
  
  
  
  
  

  

  
  
  
  
  
  
  
  

  
  
  

  
  
  

  

  
  
  
  
  
  
  
  

      

  

  
  
  
  

  
  
  
  
  
  

    
  

 

 

   
 
 
 

 
 
 
 

 
 
 
 

 

 

 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 

 

 
 
 
 
 
 
 
 

  

 

 
 
 
 
 
 
 

 
 
 
 

 

 

 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 

 
 
 
 
 
 
 
 

 
 
 

 
 
 

 

 
 
 
 
 
 
 
 

   
 

 
 
 
 

 
 
   
 

  

 

 

 

 

 

Filter Function : Point Cloud→ R

(y -coordinates)



Mapper (Ayasdi 2015)
TDA AND MACHINE LEARNING: BETTER TOGETHER 8 

 

 

  

Figure 2: Using a Function to Map Data Points in the Shape of a Circle to their y-Coordinate Values  
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Filter Function : Point Cloud→ R (y -coordinates)



Mapper (Ayasdi 2015)
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Dividing data points into overlapping level sets



Mapper (Ayasdi 2015)
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Next, Ayasdi Core clusters each group of data points independently using a measure of similarity. In this example, 
similarity is defined using the standard Euclidean distance. Each cluster is represented as a node. A node represents 
a set of data points that are similar with respect to the measure of similarity (Euclidean distance) and the function 
value (y-coordinate). The size of the node reflects the number of data points within. Notice that the top node 
represents both red and orange data points (Figure 4). The second set from the top containing two distinct regions 
of data points produces two separate nodes.  

 

Figure 4: Nodes Represent Clusters of Data Points with Similar Function Values and Measures of Similarity 
 

Nodes with data points in common are connected by edges in the Ayasdi Core network. Since the data set was 
divided into overlapping sets, a data point can be represented in multiple nodes. In this example, the orange data 
points on the left are represented in both the top red node as well as the orange node on the left (Figure 5). These 
nodes are connected by an edge because they contain data points in common.  

 

 

 

 

 

 

 

 

Clustering within each level set
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Figure 5: Nodes with Data Points in Common are Connected by Edges to Form a Network 
 

The resulting network is a compressed representation of the original data set that retains its fundamental circular 
shape. The network is much simpler to visualize and work with than the original data, yet it captures the essential 
behavior of the data. 

In the second example, we will examine a data set that is sampled in the two-dimensional Euclidean plane from four 
Gaussian distributions. In Figure 6, we color the data points by the values of the density estimator function. Ayasdi 
Core then divides the data set into overlapping sets with similar function values (in this case, density estimations). 
Each subset of the data is clustered to create nodes that represent data points with similar function values and 
measures of similarity.   

 

Figure 6: TDA Enhances Machine Learning By Capturing the Overall Structure and Fine-Grained Behavior 
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Topological Network



Examples of metrics and lenses (filter functions)

Metric

Cosine
Correlation.
Variance (or IQR) Normalized Euclidean
Hamming

Lense (filter function)

L1, L-infinity centrality
Gaussian density
k-nearest neighborhood (distance matrix via Dijkstra’s algorithm)
MDS coordinate (uses distance matrix)



Identification of type 2 diabetes subgroups through topological
analysis of patient similarity (2015)

and vision defects (RR, 1.32; range, 1.04
to 1.67), than were the other two subtypes
(Table 2A). Patients in subtype 2 (n = 617)
were more likely to associate with diseases
of cancer of bronchus: lung (RR, 3.76; range,
1.14 to 12.39); malignant neoplasm with-
out specification of site (RR, 3.46; range,
1.23 to 9.70); tuberculosis (RR, 2.93; range,
1.30 to 6.64); coronary atherosclerosis and
other heart disease (RR, 1.28; range, 1.01 to
1.61); and other circulatory disease (RR, 1.27;
range, 1.02 to 1.58), thanwere the other two
subtypes (Table 2B). Patients in subtype 3
(n = 1096) were more often diagnosed with
HIV infection (RR, 1.92; range, 1.30 to 2.85)
and were associated with E codes (that is,
external causes of injury care) (RR, 1.84;
range, 1.41 to 2.39); aortic and peripheral
arterial embolism or thrombosis (RR, 1.79;
range, 1.18 to 2.71); hypertensionwith com-
plications and secondary hypertension (RR,
1.66; range, 1.29 to 2.15); coronary athero-
sclerosis and other heart disease (RR, 1.41;
range, 1.15 to 1.72); allergic reactions (RR,
1.42; range, 1.19 to 1.70); deficiency and other
anemia (RR, 1.39; range, 1.14 to 1.68); and
screening and history of mental health and
substance abuse code (RR, 1.30; range, 1.07
to 1.58) (Table 2C).

Significant disease–genetic variant
enrichments specific to T2D subtypes
We next evaluated the genetic variants sig-
nificantly associated with each of the three
subtypes. Observed genetic associations and
gene-level [that is, single-nucleotide poly-
morphisms (SNPs) mapped to gene-level
annotations] enrichments by hypergeometric
analysis are considered independent of the

Fig. 1. Patient and genotype networks. (A)
Patient-patient network for topology patterns
on 11,210 Biobank patients. Each node repre-
sents a single or a group of patients with the
significant similarity based on their clinical
features. Edge connected with nodes indicates
the nodes have shared patients. Red color rep-
resents the enrichment for patients with T2D
diagnosis, and blue color represents the non-
enrichment for patients with T2D diagnosis.
(B) Patient-patient network for topology pat-
terns on 2551 T2D patients. Each node repre-
sents a single or a group of patients with the
significant similarity based on their clinical
features. Edge connected with nodes indicates
the nodes have shared patients. Red color rep-
resents the enrichment for patientswith females,
and blue color represents the enrichment for
males.

R E S EARCH ART I C L E

www.ScienceTranslationalMedicine.org 28 October 2015 Vol 7 Issue 311 311ra174 3

 on N
ovem

ber 5, 2015
http://stm

.sciencem
ag.org/

D
ow

nloaded from
 



Nicolau, Levine, and Carlsson (2011)

The Normal-like (blue) group of tumors (15 tumors) con-
stitutes 5% of the cohort. The low value of the filter function
indicates little activity different from normal.
The c-MYB+ (red) group of tumors (22 tumors) constitutes

7.5% of the cohort, or the more compact subset (outliers re-
moved 14 tumors) 5% of ER+ tumors. The high value of the
filter function identifies these tumors as among the most distinct
from normal tissue, showing extremely high activity in some gene
groups (ER+, c-MYB+) and low activity in others (innate im-
mune genes), relative to normal tissue. This extreme deviation
from normal molecular profiles, together with the biology of the
overly active gene groups, and the excellent overall survival
suggests that these tumors have a mechanism to respond in
a protective way, antagonizing the presence of neoplastic tissue.
In the next paragraphs we give evidence for the following two
points: (i) c-MYB+ breast cancer warrants being identified as
a breast cancer group because it shows uniformity in molecular
signature and clinical and survival properties, and because it is
validated in other cancer data sets; and (ii) c-MYB+ breast
cancer is a unique group that does not fit into previously iden-
tified breast cancer types.

2.1. Survival Analysis. Survival analysis was performed on each of
the two groups of ER+ tumors: the blue Normal-like group and
the red group that shows altered transcriptional activity in a large
number of genes compared with the normal tissue, c-MYB+ red
group. Each group showed 100% overall survival, with no re-
currence and no death from disease. Median time to follow-up
was 10 y for the Normal-like group and 8.5 y for the c-MYB+

tumors. It is important to note that survival information was not
incorporated in the DSGA decomposition or the Mapper pro-
gression. We simply tested survival of groups of tumors that our
PAD analysis found to stand out, purely on the basis of our two-
step analysis: (i) DSGA, highlighting the distinction between
normal and disease data, and (ii) Mapper, identifying subtle
aspects in the shape of the data.

2.2. Comparison with Cluster Analysis Applied to the Same Data
Matrix. The Normal-like tumor group (blue) is often observed

through this type of analysis. However, the other group, c-MYB+

tumor group, was scattered across several clusters, as seen in Fig.
4. Thus, unlike PAD, cluster analysis was unable to identify this
new group of tumors. This shows that the appearance of the new
group of tumors was not due to the way data were transformed
via DSGA nor to the specific method used for thresholding
genes, but rather to the ability of PAD to identify subtle shape
characteristics of the data set. Cluster analysis scattered the
tumors in the ER+ tumor progression and even the very tight c-
MYB+ tumor group. That the tumors in this group (22 in all, 14
without outliers) ought indeed to appear together is seen below,
in sections 2.4–2.6, which show that the molecular signatures of
these tumors are indeed very similar to one another and signif-
icantly distinct from other tumors.

2.3. Comparison with Molecular Subtype Classification. The 22
tumors in the c-MYB+ group were analyzed for molecular sub-
type (Basal, ERBB2, Luminal A, Luminal B, and Normal-like) (7)
as previously assigned (6). Of the 22 tumors, only six had cor-
relation >0.1 to one of the five centroids, the rest having been
left unclassified. Five were classified as Luminal A and one as
Normal-like. The rest of the c-MYB+ tumors were partially
classified by the centroid they were closest to as follows: seven
Normal-Like, six Luminal A, and three Luminal B. These
assignments to subtype have changed (9) to be two Normal-Like,
two Luminal B, and 18 Luminal A. This new assignment changes
the subtype of 77% of tumors (17 of the 22 tumors have different
assignment from their original one).

2.4. Prediction Analysis of Microarrays (PAM). PAM (10) was per-
formed on DSGA-transformed data, using all genes, before
thresholding (step 1 only). We wanted to investigate whether the
two tumor groups, c-MYB+ and Normal-like, are good candidates
for being molecular subtypes as far as their gene expression data
were concerned. Using PAM, we wanted to determine whether
they are (i) distinct from normal tissue, (ii) distinct from each
other, and (iii) uniform within each group of tumors. Thus, we
tested how successful PAM was in finding predictor variables for
distinguishing these groups. The distinctions had extremely good

9.
9E

+5
3.

2E
+6

4.
7E

+6
7.

0E
+6

9.
4E

+6
1.

2E
+7

1.
5E

+7
FILTER COLOR SCALE

ER+ sequence

sparse data

sparse data

sparse data

sparse data

c-MYB+ tumors
detached tumor bins
very sparse data

Normal-Like
& Normal

Basal-like

ER-- sequence

Fig. 3. PAD analysis of the NKI data. The output has three progression arms, because tumors (data points) are ordered by the magnitude of deviation from
normal (the HSM). Each bin is colored by the mean of the filter map on the points. Blue bins contain tumors whose total deviation from HSM is small (normal
and Normal-like tumors). Red bins contain tumors whose deviation from HSM is large. The image of f was subdivided into 15 intervals with 80% overlap. All
bins are seen (outliers included). Regions of sparse data show branching. Several bins are disconnected from the main graph. The ER− arm consists mostly of
Basal tumors. The c-MYB+ group was chosen within the ER arm as the tightest subset, between the two sparse regions.

4 of 6 | www.pnas.org/cgi/doi/10.1073/pnas.1102826108 Nicolau et al.

f : Lp norm on DSGA-transformed matrix d : correlation



Personal Account Data
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Figure 1B
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Figure 4
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Applications of TDA (Gravitational Waves)

GW generated by binary neutron stars GW observatory

GW detection when black holes collide Time series images of GW 



Applications of TDA (ECG Data)

Source: TDA for Arrhythmia Detection through Modular Neural Networks, M. Dindin et al (2019)



Future Applications of Mapview

Source: TDA for Arrhythmia Detection, Dindin et al. 2019.

N mapviews

(N=# nodes)

Classification by 

Machine Learning

.



Example: Boundary operators ∂i : Ci(X )→ Ci−1(X )

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

∂0 =
(
1 1 1 1

)
: C0(X )→ C−1(X ) = Z

∂1 =


−1 −1 −1 0 0 0

1 0 0 −1 −1 0
0 1 0 1 0 −1
0 0 1 0 1 1

 : C1(X )→ C0(X )

∂2 =



0 0
1 0
−1 0

0 1
0 −1
1 1

 : C2(X )→ C1(X )



Example: Combinatorial Laplacians of a 2-dim simplicial complex

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

∆i = ∂i+1∂
t
i+1 + ∂t

i ∂i : Ci(X )→ Ci(X )

∆−1 = 4 I1 ∆0 = 4 I4

∆1 =



2 1 1 −1 −1 0
1 3 0 1 0 0
1 0 3 0 1 0
−1 1 0 3 0 0
−1 0 1 0 3 0

0 0 0 0 0 4

 ∆2 =

(
3 1
1 3

)



3) K. Woong, V. Reiner, and D. Stanton, Combinatorial Laplacians of matroid complexes, Journal of the American Mathematical Society (2000). 

 

Chain 
complex 

Combinatorial Laplace Operator 

 

           Ker ∆                   Shape (TDA) 

 
           Det ∆                 Connectivity 
 
           Inv ∆                    Centrality 



Harmonic space and combinatorial Hodge Theory

Harmonic space Hi ⊂ Ci

Hi = ker ∆i = ker ∂i ∩ ker ∂t
i+1

Energy minimizing property: for h ∈Hi and x = h + ∂i+1y

〈h,h〉 ≤ 〈x , x〉

Proof: 〈h, ∂i+1y〉 = 〈∂t
i+1h, y〉 = 0 �



combinatorial Hodge Theory

Hodge decomposition (J. Friedman, 1996)

Ci = ker ∆i ⊕ im ∆i = Hi ⊕ im ∂i+1 ⊕ im ∂t
i

Combinatorial Hodge Theory

Hi
∼= H̃i(C;R)

Proof: ker ∂i ⊥ im ∂t
i ⇒ ker ∂i = Hi ⊕ im ∂i+1 �

Application to TDA
βi = dim Hi



4) A. Muhammad, and M. Egerstedt, Control using higher order Laplacians in network topologies,  

       In Proc. of 17th International Symposium on Mathematical Theory of Networks and Systems (2006). 

Shape of Data 4) Harmonic cycles (조화계) 

Hole Detection via Harmonic Cycles 



Harmonic cycles as shape recognizer

Both shapes have β1 = 1 but different harmonic cycles.



Change of hole structure

Alzheimer’s disease progression

Source: Abnormal Hole Detection in Brain Connectivity by Hodge Laplacian by H. Lee



Abnormal holes in AD



Example

G G∗ ∪ ω ∼= S1

Iω = I + 8ω = ∂t
1φ+ 8ω = (1, −1, 3, −2, −5, 8)t

Iω ∈ ker ∂1 ∩ ker ∂t
2 = H1

∼= R

where H1 harmonic space for G∗ ∪ ω ∼= S1.



Information Centrality

Combinatorial Green’s function ∆−1
0 = (gij) (K. 2011)

Information centrality Iab (Stevenson and Zelen 1989)

Iab = (gaa + gbb − 2gab)−1 = Cab

Information centrality Ia of node a

Ia = |V (G)| ·
( ∑

i∈V (G)

1
Iai

)−1
= harmonic mean of Iai



K. Stephenson and M. Z&n / Rerhinkmg cenirali(~~ 

Fig. 2. Network of 40 homosexual men diagnosed with AIDS (from Figure 1 in Klovdahl 1985: 
1204). 

Initially, 19 men residing in the Los Angeles and Orange County area 
were interviewed about their previous sexual contacts. This information 
led to the subsequent identification of an additional 21 sexual partners 
in San Francisco, New York and other parts of the United States. All 
40 homosexual men were linked to each other through sexual contact. 
Figure 2 depicts the network for these men. 

Auerbach et al. (1984) concluded that the existence of AIDS cases 
linked by sexual contact was consistent with an infectious-agent hy- 
pothesis. (This was before the HIV virus was shown to be spread by 
bodily fluid exchange.) Subsequently, Klovdahl demonstrated that per- 
sonal contact could provide an effective opportunity for trans~ssion 
of the disease. We will use this network as a way to profile the 
differences in centrality measures. Table 3 summarizes our measure of 





 

 

 

 

Question: Which network is most decentralized?



Spanning trees and non-spanning trees

 

 

 

 

spanning trees non spanning trees

spanning tree = connected + acyclic

k(G) = # spanning trees in G



Matrix-Tree Theorem

G connected graph with n vertices

Matrix-Tree Theorem (Kirchhoff 1847)
Let L(G)0 = ∂̂1∂̂

t
1 = L(G) - (row i and column i) .

det L(G)0 = k(G)

Proof: By Cauchy-Binet theorem

det ∂̂1∂̂
t
1 =

∑
B

det ∂̂B det ∂̂t
B =

∑
B sp. tree

(±1)2 = k(G) .

Every cofactor of L(G) = k(G).

Pseudo-determinant of L(G) = n · k(G)



 

 

 

 

k(G) = 125 k(G) = 80 k(G) = 64



extending Theorem 2, we offer a new theorem providing an answer to
the question. The proof is based on a new interpretation of Iij as the in-
verse of the relative growth rate of c(N) with respect to wij.

Theorem3. Amarginal increase of VKON complexity ismaximizedwhen a
new knowledge agent is placed between two VKOs with the minimum
knowledge transfer capacity (Iij).

Proof. See the Appendix A.

Via numerical simulation (Fig. 4), we attempt to find the optimal po-
sitioning of a newknowledge agent in a VKON, and to showhow the ap-
pearance of this new agent is conducive to the network complexity c(N)
and knowledge transfer capacity Iij between the Ci and Cj. Suppose there
is a VKON of five VKOs. Among these five VKOs, one knowledge agent
can connect to any two between which the number of knowledge
agents are w12 = 3, w23 = 2, w25 = 1, w15 = 1, and w45 = 3 while
others 0 (c.f. VKON (i) in Fig. 4). Information flows, Iij, are calculated
by using Eq. (A.5) in the Appendix A. Note that an increase in network
complexity is largest (c(N) = 101) when an additional agent is posi-
tioned between C3 and C4 (VKON (ii) in Fig. 4) where information
flow is minimal (I34 = 0.71). In general, the smaller the information
flow between two VKOs, the greater the marginal increase in network
complexity by adding a new agent. It is worthwhile to note that the
mean of Iij which indicates the knowledge transfer capacity of the net-
work is greatest (Mean(Iij) = 2.22) and the asymmetry of knowledge
transfer capacity in the network is lowest (Std(Iij) = 0.76), when the
network complexity is the greatest (VKON (ii) in Fig. 4).

Theorem 3 suggests that optimal positioning of a knowledge agent
can improve the capacity of knowledge transfer of a VKON. Among nu-
merous innovations, the costs are lowered and benefits increase as they
aremorewidely accepted. A VKON, like other information technologies,
can generate positive network-based economies through optimal
distribution of knowledge agents which, in turn, results in enhanced

accessibility of knowledge [24,58]. This can be achieved by knowledge
agents who grab a better understanding of culture, norms, and common
knowledge of the two VKOs, which eventually leads to improved
knowledge transfer activities. The cost of placing a new knowledge
agent between two VKOs will be also lowered as the number of agents
between the two increases thanks to the externalities among the agents
and related communities [4,52].

9. Direct vs. indirect transfer

The knowledge transfer capacity Iij between two VKOs, Ci and Cj, re-
lates direct and indirect communication. Indirect transfer is when there
are intermediating VKOs between Ci and Cj, while there is none in direct
transfer. For example, the path C1 → C2 in Fig. 3 is a direct transferwhile
C1 → C3 → C2 is an indirect transfer. The information transfer capacity
through direct transfer between Ci and Cj is represented by the weight
wij of the arc eij. We can represent the indirect knowledge transfer by

ewij ¼ Iij−wij: ð7:1Þ

The significance of the indirect transfer is that it represents the effect of
externality on knowledge transfer at a network level. Thus, it is reason-
able to expect that ewij should be computable without any reference to
the direct flow wij. The following proposition gives an expression ofewij that is independent of Iij or wij. Now, we define a new network
N \ eij which is created by deleting eij from N.

Proposition 4. The knowledge transfer capacity of indirect transfer be-
tween Ci and Cj in a VKON can be calculated by the ratio of the complexity
of N \ eij and that of N / eij, That is,

ewij ¼
c Nneij
� �

c N=eij
� � : ð7:2Þ

Information Flow (i) (ii) (iii) (iv) (v) (vi)
I12 3.50 3.61 3.63 3.64 4.17 3.64

I13 1.27 1.63 1.71 1.29 2.27 1.29

I14 1.11 1.51 1.23 1.67 1.12 2.11

I15 1.75 2.02 2.07 2.11 1.79 2.50

I23 2.00 2.53 2.64 2.00 2.78 2.00

I24 1.11 1.77 1.34 2.11 1.12 1.67

I25 1.75 2.30 2.42 2.50 1.79 2.11

I34 0.71 1.71 1.18 1.03 0.85 0.91

I35 0.93 1.68 1.93 1.11 1.19 1.03

I45 3.00 3.48 3.00 3.64 3.00 3.64

Mean(Iij)
(Std(Iij))

1.71
(0.91)

2.22
(0.76)

2.11
(0.81)

2.11
(0.93)

2.01
(1.05)

2.09
(0.96)

Complexity c(N) 42 101 87 80 75 80

1

3 4

52

1

3 4

52

1

3 4

52

1

3 4

52

1

3 4

52

(i) (ii) (iii) (iv) (v) (vi)

w12=3 w15=1

w25=1
w23=2 w45=3

1

3 4

52

Fig. 4. Optimal positioning of a new knowledge agent in VKON.
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Before After

Source: Osting et al., Towards Spectral Sparsification of Simplicial Complexes Based on 
Generalized Effective Resistance, arXiv:1708.08436 (2017).

Keep 𝑛 edges with the probability 𝑝𝑓 proportional to 𝑤(𝑓)𝑅(𝑓, 𝑓) with the new

accumulated weight 𝑤(𝑓)/n𝑝𝑓 where 𝑤(𝑓) is a given weight and 𝑅 = 𝜕1
𝑡 𝜕1𝑊1𝜕1

𝑡 †𝜕1
is the effective resistance.

Spectral sparcification of simplicial complexes



Definition of current and Thompson’s Principle

For a current generator ω ∈
(V (X)

d+1

)
, let

Xω := X ∪ ω and Xω := X ∗ ∪ ω ' Sd

Hd (Xω) ∼= H̃d (Xω;R) ∼= R with ∂Xω ,d+1 = ∂X∗,d+1.

Definition: A current in Xω is an element Iω ∈Hd (Xω) ' R.

(TP) For a connected network (X , R), a cycle y ∈ Z1(Xω) is a
current induced by a flow through ω if

y tRy ≤ z tRz

for any cycle z with the same ω-component as Iω.

When R = id, Iω is a current if 〈y , y〉 ≤ 〈z, z〉, i.e., if y ∈H1(Xω).



K. Stephenson and M. Zelen / Rethinking centrality 

Table 3 

Comparison of centrality measures and rankings a 

17 

Overall 

rank 
Information Betweenness Distance Degree 

2 

8 
9 

10 
11 

12 
13 
14 

15 

16 
17 

18 
19 
20 
21 
22 

23 
24 

25 
26 
27 

28 
29 
30 

31 
32 
33 

34 
35 
36 
37 
38 
39 

40 

16 (0.417) 

22 (0.392) 
26 (0.388) 

20 (0.357) 
11 (0.351) 

28 (0.348) 
19 (0.336) 
31 (0.310) 

14 (0.303) 
15 (0.299) 
12 (0.299) 

21 (0.299) 
17 (0.299) 

38 (0.292) 
23 (0.290) 

25 (0.285) 
27 (0.283) 

5 (0.282) 

8 (0.274) 
18 (0.266) 
29 (0.265) 

32 (0.248) 
36 (0.242) 

13 (0.236) 
40 (0.228) 
39 (0.228) 
24 (0.227) 

2 (0.225) 
4 (0.222) 
3 (0.222) 
6 (0.222) 

9 (0.220) 
7 (0.218) 

34 (0.217) 

33 (0.216) 
30 (0.212) 
37 (0.197) 

1 (0.185) 
10 (0.182) 
35 (0.180) 

16 (17.7) 16 (0.351) 16 (0.205) 

4 

5 
6 

26 (14.0) 
22 (13.5) 
11 (11.6) 

31 (7.6) 

5 (6.6) 

8 (4.1) 

32 (4.0) 

28 (3.7) 

20 (3.1) 

38 (2.8) 

19 (1.7) 

2 (1.4) 

9 (1.4) 

14 (1.4) 

23 (1.4) 

29 (1.4) 

34 (1.4) 

36 (1.4) 

1 (0.0) 

3 (0.0) 

4 (0.0) 

6 (0.0) 

7 (0.0) 

10 (0.0) 

12 (0.0) 

13 (0.0) 

15 (0.0) 

17 (0.0) 
18 (0.0) 
21 (0.0) 

24 (0.0) 
25 (0.0) 

27 (0.0) 
30 (0.0) 
33 (0.0) 

35 (0.0) 
37 (0.0) 
39 (0.0) 
40 (0.0) 

22 (0.345 j 26 (0.128) 
26 (0.322) 5 (0.128) 
11 (0.302) 22 (0.103) 
20 (0.281) 8 (0.077) 
14 (0.265) 11 (0.077) 

19 (0.265) 20 (0.077) 
31 (0.265) 28 (0.077) 
12 (0.262) 31 (0.077) 
15 (0.262) 32 (0.077) 
17 (0.262) 34 (0.077) 
21 (0.262) 38 (0.077) 

23 (0.262) 2 (0.051) 
28 (0.262) 9 (0.051) 

25 (0.258) 14 (0.051) 
38 (0.252) 19 (0.051) 
5 (0.248) 23 (0.051) 

27 (0.245) 29 (0.051) 
8 (0.242) 33 (0.051) 

18 (0.220) 36 (0.051) 
32 (0.218) 1 (0.026) 
36 (0.213) 3 (0.026) 
13 (0.211) 4 (0.026) 
29 (0.211) 6 (0.026) 
24 (0.209) 7 (0.026) 

2 (0.202) 10 (0.026) 
39 (0.202) 12 (0.026) 
40 (0.202) 13 (0.026) 

3 (0.200) 15 (0.026) 

4 (0.200) 17 (0.026) 
6 (0.200) 18 (0.026) 
9 (0.198) 21 (0.026) 
7 (0.196) 24 (0.026) 

34 (0.182) 25 (0.026) 
33 (0.181) 27 (0.026) 
37 (0.176) 30 (0.026) 
30 (0.175) 35 (0.026) 

1 (0.169) 37 (0.026) 
10 (0.166) 39 (0.026) 
35 (0.155) 40 (0.026) 

a The men are assigned numbers l-40 and are listed in rank order according to their relative 
centrality. Centralities are given in parenthesis. 



Winding Number and Cutting Number of Harmonic Cycles 13

Corollary 5.02 Let X be a cell complex satisfying rk rHi−1(X) = 0 and rk rHi(X) =
1. Then, we have

λ ◦ λ
ki(X)

=
∑
U∈Ui

w(CU )2.

Note that the left-hand side can be calculated in polynomial time, i.e., λ
can be determined using Theorem 5.01.

Example 5.01 (Inner product formula) In Example 4.01, the given har-
monic cycle is actually the standard harmonic cycle. Thus, we have the stan-
dard harmonic cycle λ of a cell complex X, and cycles vB and vC . The left-hand
side of the inner product formula for vB is vB ◦ λ = 11 + 5 + 1 + 7 = 24. And
the right-hand side is w(vB)k1(X) = 1× 24 where k1(X) = 24. Moreover, the
inner product formula for vC holds since vC ◦ λ = −7 − 1 + 4 + 4 = 0 and
w(vC) = 0.

Remark 1 From Theorem 5.01, we can extend the domain of the winding num-
ber map from a cycle space to a chain group, i.e., w(z) := z ◦ λ/ki(X) where
z ∈ Ci(X). We will call it the rational winding number.

Example 5.02 (Application) In order to calculate the winding number of
cycles or paths in Figure 3-A, we need a cell complex with a unique hole. In
Figure 3-B, we constructed VR-complexes with three ε-thresholds (i.e., connect
every edges if two points are closer than ε, and make faces whenever their three
edges exist). In the following table, we see the rational winding number of cycle
1, paths 1, and 2. And they are stable with respect to ε-threshold.

Fig. 3: In A, we have a cycle and two paths. In B, we have cell complexes approximating
the given point cloud.

ε = 0.7 ε = 1.0 ε = 1.3

Cycle 1 1 1 1
Path 1 0.2307 0.2300 0.2537
Path 2 0.2095 0.2222 0.2351

Table 1: The rational winding number of each case.
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Pancreatic Cancer Data Analysis



Example: ∆0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

1

2 

3

4 

e2 e5 

e1 e3 

e4 G: 

1

2 

3

4 

1 

1 

31
1 3 4 

2 2 G24 : 

1

2

3

4

e2 e5 

e e3 

e4 B: 

1

2 

3

4 

e2 e5 

e1 e3 

e4 G:

∂1 =


−1 −1 0 0 0

1 0 −1 −1 0
0 0 1 0 −1
0 1 0 1 1

 ∂0 =
(
1 1 1 1

)

∆0 = ∂1∂
t
1 + ∂t

0∂0 =


2 −1 0 −1
−1 3 −1 −1

0 −1 2 −1
−1 −1 −1 3

+


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1





Example: ∆0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

1
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3

4 

e2 e5 

e1 e3 

e4 G: 

1

2 

3

4 

1 

1 

31
1 3 4 

2 2 G24 : 

1

2

3

4

e2 e5 

e e3 

e4 B: 

1

2 

3

4 

e2 e5 

e1 e3 

e4 G:

∆0 = ∂1∂
t
1 + ∂t

0∂0 = L + J =


3 0 1 0
0 4 0 0
1 0 3 0
0 0 0 4





Example: ∂d+1∂
t
d+1 vs ∆d

G = K5 complete graph on 5 vertices

∂1∂
t
1 =


4 −1 −1 −1 −1
−1 4 −1 −1 −1
−1 −1 4 −1 −1
−1 −1 −1 4 −1
−1 −1 −1 −1 4

 ∆0 =


5 0 0 0 0
0 5 0 0 0
0 0 5 0 0
0 0 0 5 0
0 0 0 0 5



always singular non-singular for connected G



Combinatorial Laplacian

C = {Ci , ∂i} a finite chain complex over Z with C−1 = Z

∂i : Ci → Ci−1 ∂t
i : Ci−1 → Ci

∂i+1∂
t
i+1 : Ci → Ci ∂t

i ∂i : Ci → Ci

Definition (Combinatorial Laplacian ∆i : Ci → Ci )

∆i = ∂i+1∂
t
i+1 + ∂t

i ∂i

W. Kook (URI) Topological Combinatorics Lecture 9 / 31



Combinatorial Laplacians and harmonic space

X = finite simplicial (cell) complex
C = {Ci , ∂i} chain complex of X over R

Combinatorial Laplacian ∆i : Ci → Ci (Eckmann 1945)

∆i = ∂i+1∂
t
i+1 + ∂t

i ∂i

Harmonic space Hi
Hi = ker ∆i



Example: cycle and cocycle



Homology basis for torus

Source: Cover page of Topology for Computing by A. Zomorodian



Example: harmonic cycles of a torus



Example: harmonic cycles of a torus



Example: harmonic cycles of a torus



Winding number for paths (Kim and K. 2018)
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Corollary 5.02 Let X be a cell complex satisfying rk rHi−1(X) = 0 and rk rHi(X) =
1. Then, we have

λ ◦ λ
ki(X)

=
∑
U∈Ui

w(CU )2.

Note that the left-hand side can be calculated in polynomial time, i.e., λ
can be determined using Theorem 5.01.

Example 5.01 (Inner product formula) In Example 4.01, the given har-
monic cycle is actually the standard harmonic cycle. Thus, we have the stan-
dard harmonic cycle λ of a cell complex X, and cycles vB and vC . The left-hand
side of the inner product formula for vB is vB ◦ λ = 11 + 5 + 1 + 7 = 24. And
the right-hand side is w(vB)k1(X) = 1× 24 where k1(X) = 24. Moreover, the
inner product formula for vC holds since vC ◦ λ = −7 − 1 + 4 + 4 = 0 and
w(vC) = 0.

Remark 1 From Theorem 5.01, we can extend the domain of the winding num-
ber map from a cycle space to a chain group, i.e., w(z) := z ◦ λ/ki(X) where
z ∈ Ci(X). We will call it the rational winding number.

Example 5.02 (Application) In order to calculate the winding number of
cycles or paths in Figure 3-A, we need a cell complex with a unique hole. In
Figure 3-B, we constructed VR-complexes with three ε-thresholds (i.e., connect
every edges if two points are closer than ε, and make faces whenever their three
edges exist). In the following table, we see the rational winding number of cycle
1, paths 1, and 2. And they are stable with respect to ε-threshold.

Fig. 3: In A, we have a cycle and two paths. In B, we have cell complexes approximating
the given point cloud.

ε = 0.7 ε = 1.0 ε = 1.3

Cycle 1 1 1 1
Path 1 0.2307 0.2300 0.2537
Path 2 0.2095 0.2222 0.2351

Table 1: The rational winding number of each case.



Laplacian for a Weighted Graph (Conductance Network) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

1

2

3

4

e2 e5 

e1 e3 

e4 G: 

1

2

3 

4

1 

1 

3G12 :
1

1 3 4 
2 2 G24 : 

1

2

3

4

e2 e5

e e3 

e4 B: 

1

2 

3

4 

C14 C34 

C12 C23 

C24 G:

cij = cji = conductance between node i and node j (i 6= j)

L =


c12+c13+c14 −c12 −c13 −c14
−c21 c21+c23+c24 −c23 −c24
−c13 −c32 c31+c32+c34 −c34
−c41 −c42 −c43 c41+c42+c43





Discrete Laplace Equation Lφ = ι

(G,R) = connected resistor network
G = connected finite graph with ∂1 : C1(G)→ C0(G)

R = resistance (positive diagonal matrix) : C1(G)→ C1(G)

C = R−1 = conductance (weights for edges)

Laplacian L = ∂1C∂t
1 : C0(G)→ C0(G)

Net current flow ι = (ιv ) ∈ C0(G) satisfying
∑
ιv = 0

(ιa = α, ιb = −α, ιv = 0 for v 6= a,b)

Potential φ = (φv ) ∈ C0(G)

Kirchhoff’s Law: Lφ = ι



A solution to Lφ = ι

L = ∂1C∂t
1 discrete Laplacian of a connected (G,R)

J = ∂t
0∂0 all 1’s matrix

∆0 = L + J nonsingular by combinatorial Hodge theory

For ι = (ιv ) with
∑
ιv = 0,

(L + J)φ = ι ⇒ Lφ = ι .

A soluton to Lφ = ι:
φ = (L + J)−1ι

G = (L + J)−1 combinatorial Green’s function (K. 2011)



Effective resistance between two nodes a and b

(G,R) = connected finite resistor network

Let a current α flow into a and out of b (a,b ∈ V (G)).
Compute the potentials φa and φb : discrete Laplace equation
Effective resistance

Rab =
φa − φb

α

Effective conductance
Cab = R−1

ab



Information centrality Ia of node a

Ia = |V (G)| ·
( ∑

i∈V (G)

1
Iai

)−1

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

Degree Centrality da (I) (II) 

d1 4 4 

d2 6 6 

d3 2 2.7 

d4 3 3 

d5 5 5.7 

Degree Centrality da (I) (II) Information Centrality Ia (I) (II) 

d1 4 4 I1 1.96 2.24 

d2 6 6 I2 2.21 2.64 

d3 2 2.7 I3 1.33 1.93 

d4 3 3 I4 1.41 1.73 

d5 5 5.7 I5 1.96 2.65 

(I) 

3 1 
1 

2  3 

1 

3 4 

5 2 

     1  

       

    

(II) 

3 1 

   0.7 2  3 

1 

3 4 

5 2 

(I) 

3 1 
1 

2  3 

1 

3 4 

5 2 

     1  

       

    

(II) 

3 1 

   0.7 2  3 

1 

3 4 

5 2 



Iab as a rate of change of k(G) (Shin and K. 2014)

Iab =
k(G)

k(Gab)
=

k(G)

∂xk(G)

∂xk(G) is inversely proportional to Iab

Hence, adding an edge ab where Iab is smallest causes the
largest increase in k(G).



Decentralized network expansion algorithm (k(G) = 12)
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I13 = 1 I23 = 12/7 I24 = 3
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3

44 

1 1

1 1

3 

1 1 2 
1 3 1 

1 1 

2 

k(G ∪ 13) = 24 k(G ∪ 23) = 19 k(G ∪ 24) = 16



Information Centrality

Low IC
Unstable

High rate of change 

for complexity

High IC
Stable

Low rate of change 

for complexity



Brain 
network6) 

Protein-Protein 
Interaction7) 

Co-authorship 
Network7) 

6) C. Giusti, R. Ghrist, D. S. Bassett, Two’ s company, three (or more) is a simplex, Journal of computational neuroscience (2016). 

7) Palla, I. Derényi, I. Farkas. T. Vicsek, Uncovering the overlapping community structure of complex networks in nature and society, Nature (2015). 

8) E. Estrada, G. J. Ross, Centralities in simplicial complexes. Applications to protein interaction networks, Journal of theoretical biology (2018). 

 

Emergence of Simplicial Networks 

 







High-dimensional effective resistance

Choose a current Iω = I + iω[ω] with iω (6= 0) fixed

Define a voltage Vω = V + vω[ω] by

V = RI and Vω ⊥ Iω

Then vω is given by
I tRI + vω iω = 0

High-dimensional effective resistance for ω ∈
(V (X)

d+1

)
Rω =

∣∣∣∣vωiω
∣∣∣∣

(If |iω| = 1, then Rω = I tRI .)



A formula for Rω (K. and Lee 2018)

(X d ,R) with H̃d−1(X ;R) = 0. (Assume R= id.)
∆d−1 = ∂X ,d∂

t
X ,d + ∂t

X ,d−1∂X ,d−1 = Ld−1 + Jd−1

∂ω = ∂Xω ,d [ω].

Rω = ∂t
ω ∆−1

d−1 ∂ω

Proof: Let iω = −1. Then Rω = vω.

Vω ∈ ker ∂t
Xω ,d+1 = ker ∂t

X∗,d+1

⇒ Vω = ∂t
Xω ,d Φ for some Φ ∈ Cd−1(X ) ⇒ vω = ∂t

ωΦ

Iω ∈ ker ∂Xω ,d and iω = −1 ⇒ ∂ω = ∂X ,d I = ∂X ,dV = Ld−1Φ

Ld−1Φ = ∂ω ⇒ Φ = (Ld−1 + Jd−1)−1∂ω �



High-dimensional information centrality

(X ,R) simplicial network of dimension d (> 0)
Vertex set V with |V | = n, and Xd−1 =

(V
d

)
.

Effective conductance Cσ = R−1
σ for σ ∈

( V
d+1

)
.

For nonempty A ⊂ V , let XA = {σ ∈ Xd | A ⊂ σ}
IA = high-dimensional information centrality of A is the harmonic
mean of Cσ for σ ∈ XA :

IA =

(
n − 1

d + 1− |A|

)∑
σ∈XA

1
Cσ

−1

.



𝜖

𝐿1- persistence Landscape

𝜖

Point Cloud Barcode

8.244295e-05

8.272145e-05



Modified Persistence Landscape

𝑓𝑎,𝑏 𝑡 ≔

0 𝑖𝑓 𝑡 ∉ 𝑎, 𝑏

𝑡 − 𝑎 𝑖𝑓 𝑎 ≤ 𝑡 ≤
𝑎+𝑏

2

𝑏 − 𝑡 𝑖𝑓
𝑎+𝑏

2
≤ 𝑡 ≤ 𝑏

⇒ 𝑓𝑎,𝑏 𝑡 ≔

0 𝑖𝑓 𝑡 ∉ 𝑎, 𝑏
𝑎+𝑏

𝑏−𝑎
𝑡 − 𝑎

𝑎+𝑏

𝑏−𝑎
𝑖𝑓 𝑎 ≤ 𝑡 ≤

𝑎+𝑏

2

𝑏
𝑎+𝑏

𝑏−𝑎
−

𝑎+𝑏

𝑏−𝑎
𝑡 𝑖𝑓

𝑎+𝑏

2
≤ 𝑡 ≤ 𝑏

For a collection 𝑎𝑖 , 𝑏𝑖 of intervals in a barcode B, we get a sequence  𝜆𝑘 of functions, for 𝑘 ∈ ℕ:
𝜆𝑘 𝑡 ≔ 𝑘 − 𝑡ℎ 𝑙𝑎𝑟𝑔𝑒𝑠𝑡 𝑓[𝑎𝑖,𝑏𝑖] 𝑡 ,

(𝜆𝑘 𝑡 = 0 if 𝑘 > 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠)



𝜖

𝐿1-modified persistence Landscape

𝜖

Point Cloud Barcode

0.0001618034

0.0002357817



 Betweenness centrality (Importance as a bridge) 

𝐵 𝑣 =  
# 𝑜𝑓 𝑠ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑝𝑎𝑡ℎ𝑠 𝑠 → 𝑡 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑣

# 𝑜𝑓 𝑠ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑝𝑎𝑡ℎ𝑠 𝑠 → 𝑡
𝑠,𝑡∈𝑉
𝑠≠𝑣≠𝑡

 

 
 Closeness centrality (How close the node is to others) 

C 𝑣 =
1

 𝑑(𝑢, 𝑣)𝑢
 

 
 Eigenvector centrality (Links to “important” nodes are “important) 

𝑥(𝑣) =
1

𝜆
 𝑥(𝑡)

𝑣~𝑡

   ⟶     𝑀𝑎𝑡𝑟𝑖𝑥 𝑓𝑜𝑟𝑚  𝐴𝑥 = 𝜆𝑥 

 
 PageRank (named after Larry Page in Google™) 

𝑃𝑅(𝑣) = 𝑘  
𝑃𝑅(𝑢)

𝑜𝑢𝑡𝑑𝑒𝑔(𝑣)
𝑢→𝑣

   ⟶     𝑀𝑎𝑡𝑟𝑖𝑥 𝑓𝑜𝑟𝑚  𝑅 = 𝑘𝑀𝑅 

Various network centralities 

 



M. Alstyne and E. Brynjolfsson: Cyberbalkanization

Widening Access and Narrowing Focus:  Could the Internet Balkanize Science?

Marshall Van Alstyne and Erik Brynjolfsson†

MIT Sloan School
50 Memorial Drive E53-313

Cambridge, MA  02142

Working with information
requires time and attention.  A
wealth of information leads to a
poverty of attention, creating a
need to allocate attention
efficiently.  Not surprisingly,
the online information explosion
makes explicit searching and
filtering not only possible but
also necessary.  Automated
agents can scan the World Wide
Web for focused information
based on predetermined
preferences while collaborative
filters master new preferences by
comparing hundreds of thousands
of user profiles to make
strikingly accurate suggestions
on information of potential
interest.  Highly customized
online journals, with a
subscriber base of one, have
become feasible.

technology should not be taken
for granted.  Recent work shows
that greater access to specialized
and remote resources can increase
scientific productivity but that
scientific insularity might also
rise (3). Faced with a wealth of
resources and limited attention,
researchers can use IT to focus
on only those articles and
colleagues that really interest
them, regardless of location, and
to the effective exclusion of
others.

Scientists who use IT appear to
be more productive – they
reportedly write more papers,
earn greater peer recognition, and
know more colleagues (4).
“Collaboratories” provide new
ways to coordinate large-scale
research projects and to access
remote data sets, research
specialists, and equipment (5).
This evidence supports the
promise of the World Wide Web
to build broader, richer scientific
communities.  The particle
physicists group at CERN, after
all, designed the Web to enhance
collaboration.

Figure 1 .A         Figure 1 .B

Electronic Balkanization

Yet, if IT helps an algebraic
topologist in North America
spend more time interacting with
colleagues in Europe, Asia, and
elsewhere, what happens to his
or her interactions with the
computer scientist, the
biologist, or the graduate student
who works down the hall?  As
quickly as IT collapses barriers
based on geography, it forces us
to build new ones based on
interest or time.  Ironically,
global communication networks
can leave intact or even promote
partitions based on specialty,
politics or perceived rank –
divisions that can matter far
more than geography.

Organizational structures are also
changing.  Plummeting costs of
information technology (IT)
have changed the relative
efficiency of different structures
for coordinating work in firms
and markets (1) and in
universities (2).  Increased
integration and collaboration –
as well as competition – may
follow.  Although most research
(and press attention) has focused
on business restructuring, the
structure of scientific inquiry is
not immune to a changing
technological environment.  In
particular, the unifying and
integrating benefits of access

IT can reconstitute geographic
communities (locations in 1.A)

by research discipline (colors in 1.B).

Benefits of Electronic
Collaboration

The proof of Fermat's last
theorem offers an illustration.
Discovery of a glitch in the
original version sparked an
electronic exchange of ideas
among internationally distributed
algebraic topologists.  Long
distance dialogue then led the
author, Andrew Wiles, to
strengthen his ideas and fix the
proof.  Focused interactions
enhanced productivity within
this mathematical subspecialty –
even as its members turned from
other tasks in their efforts to be
among the first to find new
answers.

Thomas Kuhn identified the
widening gulf between scientific
specialists as a problem over
three decades ago (6).  The power
of emerging IT to search,
connect, screen, and select can
exacerbate this problem.  An IT
telescope that brings distant
colleagues into focus can

†Nota Bene: This is an early
draft of an article appearing in
Science 274(5292), Nov. 29. pp.
1479-80.  For either quote or
citation purposes, please refer to
the more recent published
edition.

1

Second, participating in a group is not the same as interacting with all of a group's members.  The 

number of subscribers to most newsgroups substantially exceeds the number of people who actually post 

messages. Joining a new community shortens communications distance (i.e., µC rises) only if this 

establishes new and shorter paths, and it homogenizes information profiles (i.e., µI rises) only if members 

actually communicate.  Universal participation is unlikely to imply universal broadcast.  Noise and 

confusion would likely result.  Putnam observes that “CMC so lowers the threshold for voicing opinions 

that, like talk radio, it may not lead to deliberation but to din,” further widening the gap between talking 

and listening (2000, pp 173-74).  Expressed differently, as a group gets larger, the fraction of members 

who post useful communications probably declines after some critical point.  In network organizations, 

for example, sociologists have recognized that with increasing in-group ties, comes decreasing out-group 

ties due to affinity relations and economizing on time and effort (Baker, 1993) -- an empirical finding that 

supports the possibility of fragmentation. 

At issue is the relative change in communications contacts versus the relative change in capacity.  

If capacity rises but contacts rise faster, then selectivity rises and people filter more.  Although bounded 

rationality constraints motivate Proposition 2, expanding capabilities to relax this constraint can leave 

intact the basic results.  Graphically, this can be shown in the following manner. 

 
Figure 4.BFigure 4.A  

Increasing channel capacity does not necessarily increase 
the measure of integrated affiliations. 

In this example, agents use their additional connections to reach additional members of the same 

community.13  This leads to the following observation:  

                                                 
13This is not to suggest that nothing has changed.  Communication paths are (slightly) shorter and information is 
(slightly) less concentrated implying that µC and µI have risen.  This draws attention to the importance of multiple 
measures.  The Appendix presents an example in which indices even move in opposite directions. 
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4차 산업혁명 미래 신기술 : 새로운 신용 정보 창출

위상수학 Topology

조합론 Combinatorics
씨앗 네트워크 프로젝트

구성원들 사이의 씨앗(선물)을 통하여
새로운 금융·신용 지표를 창출하는 프로젝트

1. 블록체인을 이용한 신용정보의 축적

2. 금융 거래 외에서 창출되는 신용 지표

3. 스스로 신용정보를 관리하는 구조



Statistics Value

Correlation 15%

(P-value) 9%

2 sample t-test (P-value) 12%

Statistics Value

Correlation 4%

(P-value) 62%

2 sample t-test (P-value) 70%

Statistics Value

Correlation 17%

(P-value) 4%

2 sample t-test (P-value) 2%

Statistics Value

Correlation 13%

(P-value) 11%

2 sample t-test (P-value) 32%

Statistics Value

Correlation 21%

(P-value) 1%

2 sample t-test (P-value) 5%

Statistics Value

Correlation 16%

(P-value) 6%

2 sample t-test (P-value) 12%

Statistics Value

Correlation 13%

(P-value) 11%

2 sample t-test (P-value) 23%

Statistics Value

Correlation 21%

(P-value) 1%

2 sample t-test (P-value) 1%



Statistics Value

Correlation 17%

(P-value) 4%

2 sample t-test (P-value) 2%

Statistics Value

Correlation 21%

(P-value) 1%

2 sample t-test (P-value) 5%

Statistics Value

Correlation 21%

(P-value) 1%

2 sample t-test (P-value) 1%
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2. 연구개발 목표 및 내용 - 세부개발내용

20

20

• 기본적으로 R peak을 이용 분할

( CPD 알고리즘 적용 )

• Fourier, wavelet 변형 및 Taken’s embedding 사용

• Local high order statistics, Hermite basis decomposition 등 적용

• P, Q, R, S, T peak 정보를 기반

으로 시계열 데이터를 표현

• peak 정보를 바탕으로 부정맥

세부질환 진단

• DNN을 통해 P, Q, R, S, T Peak의 정보 추출

• DNN 결과에서 local extreme point를 찾는 알고리즘으로 최종 peak 결정



Nicolau, Levine, and Carlsson (2011)

The Normal-like (blue) group of tumors (15 tumors) con-
stitutes 5% of the cohort. The low value of the filter function
indicates little activity different from normal.
The c-MYB+ (red) group of tumors (22 tumors) constitutes

7.5% of the cohort, or the more compact subset (outliers re-
moved 14 tumors) 5% of ER+ tumors. The high value of the
filter function identifies these tumors as among the most distinct
from normal tissue, showing extremely high activity in some gene
groups (ER+, c-MYB+) and low activity in others (innate im-
mune genes), relative to normal tissue. This extreme deviation
from normal molecular profiles, together with the biology of the
overly active gene groups, and the excellent overall survival
suggests that these tumors have a mechanism to respond in
a protective way, antagonizing the presence of neoplastic tissue.
In the next paragraphs we give evidence for the following two
points: (i) c-MYB+ breast cancer warrants being identified as
a breast cancer group because it shows uniformity in molecular
signature and clinical and survival properties, and because it is
validated in other cancer data sets; and (ii) c-MYB+ breast
cancer is a unique group that does not fit into previously iden-
tified breast cancer types.

2.1. Survival Analysis. Survival analysis was performed on each of
the two groups of ER+ tumors: the blue Normal-like group and
the red group that shows altered transcriptional activity in a large
number of genes compared with the normal tissue, c-MYB+ red
group. Each group showed 100% overall survival, with no re-
currence and no death from disease. Median time to follow-up
was 10 y for the Normal-like group and 8.5 y for the c-MYB+

tumors. It is important to note that survival information was not
incorporated in the DSGA decomposition or the Mapper pro-
gression. We simply tested survival of groups of tumors that our
PAD analysis found to stand out, purely on the basis of our two-
step analysis: (i) DSGA, highlighting the distinction between
normal and disease data, and (ii) Mapper, identifying subtle
aspects in the shape of the data.

2.2. Comparison with Cluster Analysis Applied to the Same Data
Matrix. The Normal-like tumor group (blue) is often observed

through this type of analysis. However, the other group, c-MYB+

tumor group, was scattered across several clusters, as seen in Fig.
4. Thus, unlike PAD, cluster analysis was unable to identify this
new group of tumors. This shows that the appearance of the new
group of tumors was not due to the way data were transformed
via DSGA nor to the specific method used for thresholding
genes, but rather to the ability of PAD to identify subtle shape
characteristics of the data set. Cluster analysis scattered the
tumors in the ER+ tumor progression and even the very tight c-
MYB+ tumor group. That the tumors in this group (22 in all, 14
without outliers) ought indeed to appear together is seen below,
in sections 2.4–2.6, which show that the molecular signatures of
these tumors are indeed very similar to one another and signif-
icantly distinct from other tumors.

2.3. Comparison with Molecular Subtype Classification. The 22
tumors in the c-MYB+ group were analyzed for molecular sub-
type (Basal, ERBB2, Luminal A, Luminal B, and Normal-like) (7)
as previously assigned (6). Of the 22 tumors, only six had cor-
relation >0.1 to one of the five centroids, the rest having been
left unclassified. Five were classified as Luminal A and one as
Normal-like. The rest of the c-MYB+ tumors were partially
classified by the centroid they were closest to as follows: seven
Normal-Like, six Luminal A, and three Luminal B. These
assignments to subtype have changed (9) to be two Normal-Like,
two Luminal B, and 18 Luminal A. This new assignment changes
the subtype of 77% of tumors (17 of the 22 tumors have different
assignment from their original one).

2.4. Prediction Analysis of Microarrays (PAM). PAM (10) was per-
formed on DSGA-transformed data, using all genes, before
thresholding (step 1 only). We wanted to investigate whether the
two tumor groups, c-MYB+ and Normal-like, are good candidates
for being molecular subtypes as far as their gene expression data
were concerned. Using PAM, we wanted to determine whether
they are (i) distinct from normal tissue, (ii) distinct from each
other, and (iii) uniform within each group of tumors. Thus, we
tested how successful PAM was in finding predictor variables for
distinguishing these groups. The distinctions had extremely good

9.
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FILTER COLOR SCALE

ER+ sequence

sparse data

sparse data

sparse data

sparse data

c-MYB+ tumors
detached tumor bins
very sparse data

Normal-Like
& Normal

Basal-like

ER-- sequence

Fig. 3. PAD analysis of the NKI data. The output has three progression arms, because tumors (data points) are ordered by the magnitude of deviation from
normal (the HSM). Each bin is colored by the mean of the filter map on the points. Blue bins contain tumors whose total deviation from HSM is small (normal
and Normal-like tumors). Red bins contain tumors whose deviation from HSM is large. The image of f was subdivided into 15 intervals with 80% overlap. All
bins are seen (outliers included). Regions of sparse data show branching. Several bins are disconnected from the main graph. The ER− arm consists mostly of
Basal tumors. The c-MYB+ group was chosen within the ER arm as the tightest subset, between the two sparse regions.

4 of 6 | www.pnas.org/cgi/doi/10.1073/pnas.1102826108 Nicolau et al.

f : Lp norm on DSGA-transformed matrix d : correlation



Identification of type 2 diabetes subgroups through topological
analysis of patient similarity (2015)

and vision defects (RR, 1.32; range, 1.04
to 1.67), than were the other two subtypes
(Table 2A). Patients in subtype 2 (n = 617)
were more likely to associate with diseases
of cancer of bronchus: lung (RR, 3.76; range,
1.14 to 12.39); malignant neoplasm with-
out specification of site (RR, 3.46; range,
1.23 to 9.70); tuberculosis (RR, 2.93; range,
1.30 to 6.64); coronary atherosclerosis and
other heart disease (RR, 1.28; range, 1.01 to
1.61); and other circulatory disease (RR, 1.27;
range, 1.02 to 1.58), thanwere the other two
subtypes (Table 2B). Patients in subtype 3
(n = 1096) were more often diagnosed with
HIV infection (RR, 1.92; range, 1.30 to 2.85)
and were associated with E codes (that is,
external causes of injury care) (RR, 1.84;
range, 1.41 to 2.39); aortic and peripheral
arterial embolism or thrombosis (RR, 1.79;
range, 1.18 to 2.71); hypertensionwith com-
plications and secondary hypertension (RR,
1.66; range, 1.29 to 2.15); coronary athero-
sclerosis and other heart disease (RR, 1.41;
range, 1.15 to 1.72); allergic reactions (RR,
1.42; range, 1.19 to 1.70); deficiency and other
anemia (RR, 1.39; range, 1.14 to 1.68); and
screening and history of mental health and
substance abuse code (RR, 1.30; range, 1.07
to 1.58) (Table 2C).

Significant disease–genetic variant
enrichments specific to T2D subtypes
We next evaluated the genetic variants sig-
nificantly associated with each of the three
subtypes. Observed genetic associations and
gene-level [that is, single-nucleotide poly-
morphisms (SNPs) mapped to gene-level
annotations] enrichments by hypergeometric
analysis are considered independent of the

Fig. 1. Patient and genotype networks. (A)
Patient-patient network for topology patterns
on 11,210 Biobank patients. Each node repre-
sents a single or a group of patients with the
significant similarity based on their clinical
features. Edge connected with nodes indicates
the nodes have shared patients. Red color rep-
resents the enrichment for patients with T2D
diagnosis, and blue color represents the non-
enrichment for patients with T2D diagnosis.
(B) Patient-patient network for topology pat-
terns on 2551 T2D patients. Each node repre-
sents a single or a group of patients with the
significant similarity based on their clinical
features. Edge connected with nodes indicates
the nodes have shared patients. Red color rep-
resents the enrichment for patientswith females,
and blue color represents the enrichment for
males.
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